Published by Institute of Physics Publishing for SISSA Received: October 5, 2005 Revised: November 18, 2005 Accepted: November 21, 2005 Published: December 12, 2005

New attractors

Renata Kallosh

Department of Physics, Stanford University Stanford, CA 94305, U.S.A., and Kyoto University, Yukawa Institute Kyoto, 606-8502, Japan E-mail: kallosh@stanford.edu

Abstract: We derive new algebraic attractor equations describing supersymmetric flux vacua of type IIB string theory. The first term in these equations, proportional to the gravitino mass (the central charge), is similar to the attractor equations for moduli fixed by the charges near the horizon of the supersymmetric black holes. The second term does not have a counterpart in the theory of black hole attractors. It is proportional to a mass matrix mixing axino-dilatino with complex structure modulino. This allows stabilization of moduli for vanishing central charge, which was not possible for BPS black holes. Finally, we propose a new set of attractor equations for non-supersymmetric black holes and for non-supersymmetric flux vacua.

Keywords: Superstring Vacua, Black Holes in String Theory, Flux compactifications.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep122005022 /jhep122005022 .pdf

Contents

1. Introduction 1

2. Black hole attractors 5 2.1 Black hole attractors and special geometry 5 2.2 Black hole attractors and Calabi-Yau threefolds in IIB string theory 8 2.3 New non-supersymmetric black hole attractor equations 9

3. Type IIB flux vacua as attractors, M_{AB} = 0 case 10 3.1 SL(2, Z) symmetry 11 3.2 Simplified notation 11 3.3 Example of M-theory on K3×K3 12

4. New attractors: general type IIB flux vacua, M_{AB} ≠ 0 case 14 4.1 Non-supersymmetric new flux vacua attractors 17

5. Summary 18

1. Introduction

The supersymmetric attractor equations [1]–[4] have been discovered in the context of the theory of BPS black holes. It was found there that the scalar fields near the black hole horizon have a fixed point behavior defined by the black hole electric and magnetic changes. The BPS black holes have been extensively discussed in string theory context in [5], [6]. Non-supersymmetric black hole attractors were introduced in [7]. They have been rediscovered and studied in many interesting examples more recently in [8, 9]. The authors have clarified special features of such non-supersymmetric attractors both in supergravity and in string theory. In this note we will provide a new form of the black hole attractor equations and show that there is a direct relation between the mathematical structure established for black hole attractors and for flux vacua. On the other hand, we will show that the attractor equations for the flux vacua has some new parts which are not present in the black hole case. Finally, we will derive simple attractor equations for non-supersymmetric black holes and flux vacua.

A significant progress in investigation of attractors in string theory was achieved by Moore in [5].^1 However, his investigation revealed a difficulty which did not allow an immediate generalization of the results for black hole attractors to the study of flux vacua. He pointed out that in type IIB string theory compactified on a CY_3 manifold the flux vacua are described by the complex non-integral τ-moduli-dependent 3-form flux G_3 = F_3 − τH_3.

1For an early attempt to relate the minimum of the superpotential to the SL(2, Z) black hole attractors see [10]; for a more recent discussion on flux vacua and black hole attractors see [11].

– 1 –

The appearance of the field τ in G_3 is the source of a problem when one tries to use the black hole attractor equations based on a set of real magnetic and electric charges. It was suggested in [5] that this issue is easier to resolve in the context of M-theory compactified on a CY_4 =CY_3 × T^2 manifold. Moore has developed these ideas for a particular example of K3 × T^2.

Recently there was a renewal of the interest in black hole attractors. A conjecture was proposed in [12] about the relation between black hole attractors and topological strings. This conjecture involves a development in black hole attractors with higher order corrections. Such corrections were derived in [13] where also the generalized black hole attractor mechanism was suggested.

In this paper we will establish new attractor equations for the general flux vacua of type IIB string theory compactified on CY orientifolds. We choose O3/O7 orientifolds to be specific, as in the GPK-KKLT vacua [14, 15].

The essential ingredient in deriving new flux vacua attractor equations which we will use in this paper is a Hodge-decomposition of the space of allowed 4-form fluxes proposed in [16].^2 The complete decomposition will give an additional term in the attractor equation which is absent for BPS black holes.

We will show that:

1. For generic CY_3 manifold with O3/O7 planes one can rewrite the standard differential equations for supersymmetric flux vacua in IIB string theory, DW = 0 with W ≠ 0, as algebraic attractor equations relating fluxes to fixed moduli, including all complex structure moduli as well as the axion-dilaton. Equation DW = 0 determines a position of a supersymmetric extremal point of the N = 1 supergravity potential, V = e^K (|DW |^2 − 3|W |^2). The attractor equations for supersymmetric flux vacua resemble the black hole attractor equations [1]–[4] with the central charge Z identified with e^K2 W . For these equations to be valid in flux vacua one has to require in addition that the second derivative of the central charge (the mass of the chiral fermions) vanishes in the supersymmetric vacua, M_{AB} = D_AD_BZ = 0. For the BPS black hole case in N = 2 supergravity this condition is always satisfied, see for example eq. (55) in [7]. This is in accordance with the rules of special geometry [17, 18].

2. In a more general case when the mass of the chiral fermions does not vanish in the supersymmetric vacua, M_{AB} ≠ 0, which signals the deviation from the special geometry, we will identify the generalized attractor equations, defining the fixed moduli in N = 1 flux vacua of type IIB string theory compactified on a CY_3 orientifold. The new attractor equations will acquire, in addition to the usual term proportional to the central charge (gravitino mass), a new term proportional to the masses of chiral fermions. The new feature of supersymmetric flux vacua, as compared to black hole attractors, is the fact that for DW = 0 one can fix the moduli even for Z = e^K2 W = 0, see e.g. [19]. This is different from the black hole case, when for Z = 0 one typically finds a null singularity in the geometry and some of the moduli blow up.

2I am grateful to F. Denef for pointing out ref. [16] to me.

– 2 –

3. There are simple attractor equations for non-supersymmetric black holes, which are defined by the minimum of the “black hole potential” [7, 8],

V_{BH} = |DZ|^2 + |Z|^2 . (1.1)

We also find the corresponding attractor equations for the non-supersymmetric flux vacua defined by the extremal point of the potential

V = e^K (|DW |^2 − 3|W |^2) = |DZ|^2 − 3|Z|^2 . (1.2)

The (complex) gravitino mass and the (complex) mass matrix element of chiral fermions in an arbitrary point of the moduli space (t, t̄) in string theory compactified into effective 4d N = 1 supergravity are

M_{3/2} = e^{K2} W = � X G_4 ∧ Ω_4 ≡ Z [t, t̄; p, q] , (1.3)

M_{AB} = D_AD_B M_{3/2} = D_AD_B Z [t, t̄; p, q] . (1.4)

Here X is an elliptically fibered CY 4-fold^{T 2×Y}_{Z2} , which allows us to study IIB string theory compactified on CY orientifold. Here we remind that in effective N = 1 supergravity the gravitino mass is defined via the superpotential and the Kähler potential as in (1.3), whereas the chiral fermion mass matrix is M_{AB} = D_AD_B (e^K2 W ). In string theory compactified on CY with fluxes, the fermion masses depend not only on moduli but also on fluxes, which we denote by p, q. At the supersymmetric attractor point, where

DZ = D̄Z̄ = 0 , (1.5)

moduli are fixed by fluxes. They become certain function of fluxes, t_{fix} (p, q), t̄_{fix} (p, q). Therefore the fermion masses at the supersymmetric critical point depend only on fluxes:

M^{cr}_{3/2}(p, q) = Z[t(p, q), t̄(p, q); p, q] , (1.6) M^{cr}_{AB} (p, q) = D_AD_B Z[t(p, q), t̄(p, q); p, q] . (1.7)

An unusual situation for flux vacua with regard to black hole attractors is that we are looking for N = 1 flux vacua with the N = 1 effective potential V = e^K (|DW |^2 − 3|W |^2). The supersymmetric vacua of our interest are defined by equations DW = 0, so the potential at the critical point with ∂V = 0 is given by V_{cr} = −3e^K |W |^2_{cr}. In cases when |W |_{cr} vanishes, we find Minkowski vacua, otherwise we have AdS vacua. Our goal here is to show that instead of solving differential equations on the superpotential, DW = 0, the corresponding critical point of the potential can be found by solving algebraic attractor equations relating fluxes to fixed moduli. Note that this is by no means a property of a general N = 1 supergravity. An important ingredient of our construction follows from compactified type IIB string theory on CY_3 orientifold: on CY_3 manifold we get N = 2 supergravity upon compactification. An orientifolding, which truncates it to N = 1, does not change the N = 2 properties of the geometry of the moduli space surviving orientifolding. After orientifolding, some fields are truncated from the theory. However, for the remaining moduli one still finds the formal structure of N = 2 theory, as in special geometry [17, 18].

– 3 –

In effective N = 1 supergravity obtained by compactification of string theory on CY_3 orientifold, one finds that there exists a covariantly holomorphic section from which the Kähler potential K is constructed. The covariantly holomorphic central charge Z = e^{K/2}W is a symplectic invariant, which transforms under Kähler transformations as a phase. Therefore |Z|^2 and |DZ|^2 are both symplectic and Kähler invariant. Thus the geometry of the moduli space, as well as the symplectic invariance of the central charge, remains in the effective N = 1 supergravity, which explains the presence of attractor equations in flux vacua. Therefore the potential in (1.2) can be presented in the form

V = |DZ|^2 − 3|Z|^2 , (1.8)

where Z(t, t̄, q, p) ≡ (L^Λ q_Λ − M_Λ p^Λ ). Here p, q are integer 3-form fluxes and (L^Λ , M_Λ ) is a covariantly holomorphic section for IIB string theory compactified on CY orientifold.

Few more remarks are in order before we start a systematic presentation.

• The term “attractor” in Minkowski or dS vacua has a clear meaning in the context of the cosmological evolution when the moduli fields start at arbitrary initial conditions and approach the minimum of the potential. For AdS vacua the term “attractor” may be slightly misleading in the cosmological evolution of the 4d FRW metric towards the AdS_4 geometry: we would find a collapsing universe long before the attractor point is reached, see e.g [20]. Thus we are not replacing the black hole geometry evolving towards the horizon with AdS_2 × S^2 geometry by a cosmological evolution towards the AdS_4 space. The main interest in supersymmetric AdS flux vacua is related to the fact that they may be uplifted to dS vacua, as in the KKLT construction [15], which often does not change much the values of the fields fixed in the AdS vacua. The values of the fields in the uplifted dS vacua are indeed attractors during the cosmological evolution.

• An additional meaning can be given to the supersymmetric flux vacua attractors if multiple basins of attraction can be discovered for vacua with the same choice of CY space and the same choice of fluxes. The multiple basins of attraction are known in the black hole case, see e.g. [21, 5, 6]. In a situation like that one can look for static supersymmetric domain wall type solutions which interpolate between various attractors, like it was done in 5-dimensional supergravity in [22].

• Non-supersymmetric flux vacua will be also defined here by their attractor equations.

The attractors for any such vacua with non-negative minimal value of the potential will have a clear meaning in the context of the cosmological evolution of the 4d FRW metric towards the de Sitter or Minkowski geometry.

• The N = 1 potential (1.2) based on the GVW superpotential [23] W = � G_3 ∧ Ω (1.9)

– 4 – is more general, in principle, than the corresponding potential of the standard gauged supergravity^3 in d = 4. This has to do with the fact that only “electric” fluxes may appear in the gauged supergravity action. Therefore in gauged supergravity one may find only an “electric” subgroup part of the symplectic symmetry of the potential (1.2) and (1.9). In our approach to the attractor problem we will use the case when all fluxes, “electric” and “magnetic,” may be present, as in eq. (1.9).

2. Black hole attractors

2.1 Black hole attractors and special geometry

Here we give a short overview of attractors and special geometry following [1]-[4], [17, 18], where we will comment on particular features related to flux vacua. A particularly useful and concise presentation of the special geometry can be found in [18].

A special Kähler manifold can be defined by constructing flat symplectic bundle of dimension 2n + 2 over Kähler-Hodge manifold with symplectic section defined as

Π = (L^Λ , M_Λ ) , Λ = 0, 1, . . . , n , (2.1)

where (L, M) obey the symplectic constraint i(L̄^Λ M_Λ − L^Λ M̄_Λ ) = 1 and L^Λ (t, t̄) and M_Λ (t, t̄) depend on scalar fields t, t̄, which are the coordinates of the “moduli space.” L^Λ and M_Λ are covariantly holomorphic (with respect to the Kähler connection), e.g.

D¯_kL^Λ = � ∂¯_k − 1 2 K¯_k � L^Λ = 0 ,

where K is the Kähler potential. A Hodge Kähler manifold is Special Kähler if there exists a completely symmetric covariantly holomorphic 3-index section C_{ijk} and its covariantly antiholomorphic conjugate C̄¯_i¯_j¯_k such that the curvature satisfies the “special geometry” constraint:

R_i¯_{jlm̄} = G_i¯_j G_{lm̄} + G_{im̄} G_l¯_j − C_{ilp}C̄¯_{jm̄p̄} G^{pp̄} . (2.2)

Symplectic invariant form of the Kähler potential can be found by introducing the holomorphic section (X^Λ (t), G_Λ (t)):

L^Λ = e^{K/2}X^Λ , M_Λ = e^{K/2}G_Λ , � ∂¯_kX^Λ = ∂¯_kG_Λ = 0 � . The Kähler potential is K = − ln i( X̄^Λ G_Λ − X^Λ Ḡ_Λ ). The Kähler metric is given by G_k¯_k = ∂_k∂¯_kK. A covariant derivative is defined as D_iΠ = (∂_i +^1_2 K_{,i})Π and one finds that in special geometry D_iD_j Π = iC_{ijk}G^{kk̄}D̄¯_kΠ̄ . (2.3)

3The situation is different in more general formulations of extended supergravities which include antisymmetric tensor fields in four dimensions [24]. Magnetic charges appear together with electric ones in a symplectic covariant way, and provide effective masses for the tensor fields. These magnetic charges may survive in N = 1 truncations. I am grateful to G. Dall’Agata, R. D’Auria, B. de Wit and M. Trigiante for explaining me this new development in gauging supergravities.

– 5 –

Finally, from special geometry one finds that there exists a complex symmetric (n + 1) × (n + 1) matrix N_{ΛΣ} such that

M_Λ = N_{ΛΣ} L^Σ , Im N_{ΛΣ} L^Λ L̄^Σ = − 1 2 , D¯_iM̄_Λ = N_{ΛΣ} D¯_iL̄^Σ . (2.4)

In the case of N = 2 supergravity this matrix is a metric in the vector part of the moduli space depending on scalar fields t, t̄. It is, however, important to realize that we will only use here (in effective N = 1 supergravity) the fact that the explicit expression for N is defined by the section and the derivative of it over the moduli.

One can introduce a symplectic charge related to the charge of the graviphoton in 4-dimensional supergravity, it may related to the integer flux in a compactified internal manifold: (p^Λ , q_Λ ). Now we may define a covariantly holomorphic central charge

Z(t, t̄, q, p) ≡ � L^Λ q_Λ − M_Λ p^Λ � , (2.5)

where D¯_iZ ≡ (∂¯_i −^1_2 K¯_i)Z = 0 and D_iZ̄ ≡ (∂_i −^1_2 K_i)Z̄ = 0. It follows from eq. (2.3) that in special geometry D_iD_j Z = iC_{ijk}G^{kk̄}D̄¯_kZ̄ . (2.6) One could also define a holomorphic central charge

W = e^{−K(t, t̄)/2}Z(t, t̄, q, p) ≡ (X^Λ q_Λ − G_Λ p^Λ ) , ∂¯_iW = 0 . (2.7)

This holomorphic charge W may be associated with the superpotential in N = 1 effective supergravity for the IIB string theory compactified on CY orientifold. In the generic point of the moduli space there are two symplectic invariants homogeneous of degree 2 in electric and magnetic charges:

I_1 = I_1(p, q, t, t̄) = − 1 2 P^tM(N )P , I_2 = I_2(p, q, t, t̄) = − 1 2 P^tM(F)P . (2.8)

Here P = (p, q) and M(N ) is the real symplectic (2n + 2) × (2n + 2) matrix � ImN + ReN ImN^{−1} ReN −ReN ImN^{−1} −ImN^{−1} ReN ImN^{−1} � . The matrix M(F) is an analogous matrix with N replaced by F, where F = ∂_Λ G_Σ . Using the central charge, one can rewrite these two invariants as follows:

I_1 = |Z|^2 + |D_iZ|^2 , I_2 = |Z|^2 − |D_iZ|^2 . (2.9)

An extremization condition for both symplectic invariants, which specifies the values of moduli in terms of charges, is given by

D_iZ(t, t̄, q, p) ≡ � ∂_i + 1 2 K_i � Z = 0 , D̄¯_iZ̄(t, t̄, q, p) ≡ � ∂¯_i + 1 2 K¯_i � Z̄ = 0 . (2.10)

At this point we find the extremal value of the square of the central charge which is proportional to the black hole area of the horizon

|Z|^2_{cr}(p, q) =

A(p, q) 4π . (2.11)

– 6 –

Equation (2.10) is also a requirement of an unbroken supersymmetry. In terms of the holomorphic charge W , the extremization condition is even more familiar:

D_iW ≡ (∂_i + K_i)W = 0 .

Note that X^Λ (t) are subject to holomorphic redefinitions (sections of a holomorphic line bundle):

X^Λ (t) → X^Λ (t) e^{−f(t)} ,

so that L^Λ (t) → L^Λ (t) e^{f̄ (t̄)−f (t)2} .

This occurs because L^Λ = e^{K/2}X^Λ and K → K + f + f̄ under Kähler transformations, so that Z(q, p, t, t̄) → Z(q, p, t, t̄) e^{f̄ (t̄)−f (t)2} . (2.12)

However, |Z| is both symplectic and Kähler gauge invariant, this is why the connection drops and D_iZ = 0 (D¯_iZ ≡ 0) means that ∂_i|Z| = 0. This explains why at the attractor point, D_iZ = 0, the square of the central charge does not depend on moduli, only on charges:

|Z(t(p, q), t̄(p, q), q, p)|^2 . (2.13)

The critical point of the black hole mass M^2_{bh} = |Z(t(p, q), t̄(p, q), q, p)|^2 at D_iZ = 0 can be also presented in the form of the attractor equations � p^Λ q_Λ � = i �¯ ZL^Λ − Z L̄^Λ Z̄M_Λ − Z M̄_Λ � . (2.14)

From these equations it follows that (p, q) determine the sections up to a (Kähler) gauge transformation. The moduli at the fixed point depend on ratios of charges since the equations are homogeneous in p, q. According to special geometry the supersymmetric attractor point describes the minimum of the black hole mass since the only non-vanishing second derivative is strictly positive-definite [7]

∂_i∂¯_k|Z(t(p, q), t̄(p, q), q, p)|_{fix} = 1 2 G_i¯_k|Z|_{fix} . (2.15)

Here we consider only black holes with a regular horizon, which means that |Z|_{fix} ≠ 0 and the metric of the moduli space G_i¯_k must be positive definite.

For completeness we present here the derivation of these equations following [3]. It will be clear that the special geometry of the moduli space plays an essential role in this derivation. Thus if the flux vacua satisfy the condition D_iD_j Z = 0, to be consistent with special geometry where

D_iD_j Z = iC_{ijk}G^{kk̄}D̄¯_kZ̄ = 0 at D̄¯_kZ̄ = 0 , (2.16)

we may expect that the attractor equations for flux vacua have an analogous form. In more general case, terms proportional to D_iD_jZ may be needed.

– 7 –

Start with D¯_iZ̄ = D¯_iL̄^Λ q_Λ − D¯_iM̄_Λ p^Λ = 0 . (2.17)

Now replace D¯_iM̄_Λ by N_{ΛΣ} D¯_iL̄^Σ , according to eq. (2.4). By contracting with D_iL^Σ G^{iī} and using the identity D_iL^Σ G^{iī}D¯_iL̄^Λ = −^1_2 Im(N^{−1} )^{ΣΛ} − L̄^Σ L^Λ we get

2ZL̄^Σ = ip^Σ − Im(N^{−1} )^{ΣΛ} q_Λ + Im(N^{−1} )^{ΣΓ} ReN_{ΓΔ} p^Δ , (2.18)

from which it follows that

p^Σ = 2iZ̄L^Σ − i � ImN^{−1} ReN p + ImN^{−1} q

�_Σ , (2.19) q_Σ = 2iZ̄M_Σ − i � ImN p + ReN ImN^{−1} Re N p − ReN ImN^{−1} q � Σ . (2.20)

Now we see that it is really important to have a symplectic charge (p^Λ , q_Λ ) which is real and moduli independent: note that we have differentiated in eq. (2.17) over the moduli inside Z̄ only the section L̄^Λ , M̄_Λ , not the flux p, q. In such case we find from eqs. (2.19) and (2.20) the attractor eqs. (2.14).

This detailed derivation of the attractor equations explains why the use of the G_3 = F_3 − τH_3 flux in type IIB theory obscures the derivation of the attractor equations for the flux vacua. It also suggests that one should try to rewrite the potential for N = 1 effective supergravity in IIB theory compactified on a CY orientifold in a form suitable for the application of attractor equations: one should use only the quantized fluxes not mixed with moduli, and one should push all dependence on all moduli into the properly defined symplectic section.

2.2 Black hole attractors and Calabi-Yau threefolds in IIB string theory In case of black holes in IIB string theory compactified on Calabi-Yau_3-folds we have a particular choice of special geometry in effective 4-dimensional supergravity. In such case one can derive the black hole attractor equations in the spirit of [2, 5]. We will do it here in a form which will be useful for a consequent comparison of flux vacua with black hole attractors and we will use here a Hodge decomposition of the kind used in [16] for the 4-form in flux vacua.

We start by defining the holomorphic symplectic basis on CY such that

X^a(x) = � A^a

Ω , G_a(x) = � B_a

Ω , (2.21) and Ω_3 = X^a(x) α_a − G_a(x) β^a , (2.22)

where � CY α_a ∧ β^b = δ_a^b .

Here Ω(x) is a holomorphic 3-form on a Calabi-Yau space depending on the complex structure moduli x, and the Kähler potential of CY is given by

K(x,x̄) = − ln � i � CY Ω(x) ∧ Ω̄(x̄) � = − ln i �¯ X^aG_a − X^aḠ_a � . (2.23)

– 8 –

Assume that the manifold admits a real 3-form flux,

H_3 = p^a α_a − q_a β^a . (2.24)

In addition to a holomorphic 3- form it will be useful to introduce a covariantly holomorphic 3-form Ω̂ = e^K_2 Ω = L^a(x) α_a − M_a(x) β^a (2.25)

such that 1 = i � CY Ω̂ ∧ ^̄Ω = i[ L̄^aM_a − L^aM̄_a] . (2.26)

We now define a central charge as follows Z = � CY H_3 ∧ Ω̂ = L^a(x) α_a − M_a(x) β^a . (2.27)

As suggested by Hodge decomposition, a real 3-form flux can be presented as a combination of all possible independent covariantly holomorphic and anti-holomorphic forms

H_3 = i [Z̄ Ω̂_3 − G^{iī}(D̄¯_iZ̄) D_iΩ̂_3] + c.c. (2.28)

Note that the term D_AD_BΩ̂_3 can be expressed via D̄^AZ̄ on Calabi-Yau 3-fold as in special geometry equation (2.3).

The second term in (2.28) vanishes at the supersymmetric minimum DZ = 0. Thus the only terms describing the supersymmetric black hole attractor equation remaining in eq. (2.28) are H_3 = i[ Z̄ Ω̂_3 − i Z ^̄Ω_3]_{fix} = 2 Im(Z ^̄Ω_3)|_{DZ=0} . (2.29) With account of all definitions above one can see that these equations are exactly the equations (2.14) derived in the context of special geometry in the framework of 4-dimensional supergravity. In fact, equations in this section present a particular example of equations in (2.14) which may be associated with a class of manifolds of special geometry more general than Calabi-Yau.

We went into a lengthy details of the black hole attractor equation (2.29) to be able to explain the common features and differences with flux vacua.

2.3 New non-supersymmetric black hole attractor equations The non-supersymmetric black hole attractors were introduced in [7] and studied recently in [8]. The story boils down to the extremization of the “black hole potential”

V_{BH} = I_1 = |Z|^2 + |D_iZ|^2 . (2.30)

At the non-supersymmetric critical point D_iZ ≠ 0 but

∂_iV_{BH} = ∂¯_kV_{BH} = 0 . (2.31)

The attractor equations take the following form

H_3 = 2Im � Z ^̄Ω_3 − G^{iī}D^iZD̄¯_i ^̄Ω_3 � ∂V_{BH} =0

. (2.32)

This equation can be made explicit using the equation ∂V_{BH} = 0 in the form 2(D_iZ)Z̄ + iC_{ijk}G^{jm̄} G^{kk̄}D̄_{m̄} Z̄D̄¯_kZ̄ = 0, as shown in [7].

– 9 –

3. Type IIB flux vacua as attractors, M_{AB} = 0 case

Consider a compactification of IIB string theory on some CY 3-fold with O3/O7 planes. We refer the reader to a nice recent review of the related topics in [25]. The 3-cycles come in pairs (A, B) so that (with (2π)^2α^′ = 1) the RR 3-form F_3 and the NS 3-form H_3 are

F_3 = p^a_f α_a − q_{af} β^a , H_3 = p^a_h α_a − q_{ah} β^a , (3.1)

where � CY α_a ∧ β^b = δ_a^b . (3.2)

The holomorphic symplectic basis on CY is the same as in the previous section.

This standard description of the compactified IIB string theory is supplemented by the axion-dilaton moduli as follows. From the SL(2, Z) doublet of fluxes, F and H, one forms a complex 3-form G_3 = F_3 − τH_3, and the Kähler potential has an additional part, so that the total K is

K(τ,τ̄ , x,x̄) = − ln[−i(τ −τ̄)] − ln � i � Ω(x) ∧ Ω̄(x̄) � . (3.3)

The superpotential is given by W = � CY G_3(τ) ∧ Ω(x) = (p^a_f − τp^a_h)G_a − (q_{fa} − τq_{ha})X^a . (3.4)

It is this particular dependence on the axion-dilaton that makes the symplectic structure of the flux vacua obscure.

Let us instead make the SL(2, Z) symmetry of the type IIB theory manifest, so that it extends the manifest symplectic symmetry of the CY space. The first hint comes from rewriting the superpotential as follows: W = � CY G_3(τ) ∧ Ω(x) = p^a_f G_a − q_{fa}X^a + p^a_h(−τG_a) − q_{ha}(−τX^a) . (3.5)

Let us now introduce the “central charge” in a form useful for the attractor equation:

Z = e^{K(x,x̄,τ,τ̄)2} W (τ, x) = e^{K(x,x̄,τ,τ̄)2} � F_3 ∧ Ω + H_3 ∧ (−τΩ) . (3.6)

Thus we have a 3-form flux SL(2, Z) doublet

F = (F_3, H_3) , (3.7)

and a symplectic section, which is also a doublet, Ξ = � Ξ_1(τ, x) Ξ_2(τ, x) � = � Ω(x) −τΩ(x) � . (3.8)

The total Kähler potential is now given by

K(x,x̄, τ,τ̄ ) = − ln � [τΩ(x) ∧ Ω̄(x̄) − Ω(x) ∧τ̄ Ω̄(x̄)] �

= − ln � (Ξ_1 ∧ Ξ̄_2 − Ξ_2 ∧ Ξ̄_1) � . (3.9)

– 10 –

The central charge is Z = e^{K2} W = e^{K2} � F ∧ Ξ . (3.10)

3.1 SL(2, Z) symmetry

Under SL(2, Z) transformations with

τ^′ = aτ + b cτ + d

(3.11)

the flux doublet transforms as � F_3 H_3

�_′ = R � F_3 H_3 � , R = � a b c d � . (3.12)

The central charge, defined in eqs. (3.6) and (3.10) transforms with the phase

Z^′ = e^{−iArg(cτ̄ +d)} Z , (3.13)

as was shown in studies of axion-dilaton black holes in [26]. This is clearly compensated by the Kähler transformation of the type (2.12). This concludes the derivation of the special geometry in the moduli space z = (τ, x) of the axion-dilaton τ and the complex structure fields x of the CY_3. The attractor equations for the flux vacua of type IIB string theory on CY_3 orientifold can be guessed by analogy with black hole attractor equations, at least for the case that the special geometry rule is satisfied, i.e. at the fixed point DZ = 0 with additional requirement that M_{AB} = D_AD_B Z = 0 � � � � � � � p^a_h

q_{ha}

p^a_f

q_{fa}

� � � � � � � = e^K

� � � � � � �

W̄ Xa + W X̄a

W̄ G_a + W Ḡ_a

τW̄ X^a +τ̄W X^a

τW̄ G_a +τ̄W Ḡ_a

� � � � � � � fix

. (3.14)

Here the right hand side has explicit dependence on the universal axion-dilaton and a generic dependence on the complex structure moduli of an arbitrary CY_3. All moduli in the rhs. of this equation take fixed values defined by fluxes in the lhs. of the attractor equation.

3.2 Simplified notation

We may also introduce the form notation to simplify the axion-dilaton dependence. Let

F_4 = −α ∧ F_3 + β ∧ H_3 , � T^2

α ∧ β = 1 . (3.15)

The complex structure of the auxiliary torus is ω = β −τα. We can define the holomorphic 4-form Ω ≡ Ω_{(0,4)}(z) = Ω_{(0,3)}(x) ∧ ω(τ) = Ω_{(0,3)} ∧ β − τΩ_{(0,3)} ∧ α . (3.16)

– 11 –

The total Kähler potential is now

K(t, t̄) = − ln � X_3×T^2

Ω_{(0,4)} ∧ Ω̄_{(4,0)} . (3.17)

The covariantly holomorphic central charge and the superpotential are

Z = e^{K2} � X_3×T^2

F_4 ∧ Ω_{(0,4)} , W = � X_3×T^2

F_4 ∧ Ω_{(0,4)} . (3.18)

The flux attractor equations take a remarkably simple form

F_4 = � e^K (W̄ Ω + W Ω̄) � fix = 2e^K Re (W Ω̄_{(4,0)})|_{fix} . (3.19)

We may also present it using the central charge and covariantly holomorphic form Ω̂_4 = e^K2 Ω_{(0,4)} F_4 = � Z̄Ω̂ + Z ^̄Ω � fix = 2 Re (Z ^̄Ω)|_{fix} . (3.20)

This is a condensed form of equation (3.14). The flux vacua attractor equation (3.20) is almost the same equation as the black hole attractor equation. The difference is that in black hole case we have Im(Z ^̄Ω_3) defining the 3-form flux whereas in flux vacua case we have Re(Z ^̄Ω_4) defining the effective 4-form flux.

The difference is easy to explain. Let us contract both sides of the flux vacua attractor eq. (3.20) with Ω̂_4. We find Z = � X_4

F_4 ∧ Ω̂_4 = Z � X_4

^̄Ω_4 ∧ Ω̂_4 = Z . (3.21)

Here we took into account that � X_4

^̄Ω_4 ∧ Ω̂_4 = 1. Now let us contract both sides of black

hole attractor eq. (2.29) with Ω̂_3 Z = � X_3

H_3 ∧ Ω̂_3 = −iZ � X_3

^̄Ω_3 ∧ Ω̂_3 = Z . (3.22)

Here we took into account that � X_3

^̄Ω_3 ∧ Ω̂_3 = i in agreement with equation (2.26).

3.3 Example of M-theory on K3×K3

As an example, we will consider here stabilization of the complex structure moduli in Mtheory on K3×K3 [27, 28, 5], which is also related to stabilization of the complex structure in IIB string theory on K3^{×T 2}_{Z2} . For the purpose of relating flux vacua with black hole attractors, we will slightly modify the procedure used in [28], where we were interested in stabilizing all moduli in this model. For this purpose we made a choice of the 4-form flux as a (2, 2) form. This is a choice when the superpotential defined by eq. (3.18) vanishes. Here we will fix the complex structure moduli by fluxes in such a way that the superpotential does not vanish: we will choose the real 4-form flux as follows

F_4 =c̄ Ω^1 ∧ Ω^2 + c Ω̄^1 ∧ Ω̄^2 . (3.23)

– 12 –

Here Ω^i, i = 1, 2 are holomorphic 2-forms on each of K3 at the attractor point. The superpotential can be calculated, and we find W = � K3×K3

cΩ̄^1 ∧ Ω̄^2 ∧ Ω^1 ∧ Ω^2 = c e^{−K} , ⇒ c = Z . (3.24)

This proves that we may now rewrite the 4-form flux as follows

F_4 = 2e^K Re(W̄ Ω^1 ∧ Ω^2) = 2 Re(Z̄ Ω̂^1 ∧ Ω̂^2) . (3.25)

Since in this example Ω_{(0.4)} = Ω^1 ∧Ω^2, we confirm for this example the flux vacua attractor formula (3.19), and (3.20) derived in the general case for type IIB string theory compactified on a generic CY orientifold.

We may now take Ω_i, i = 1, 2 proportional to p_i + τ_iq_i, as suggested in [28, 5]. Two complex numbers τ_j for this choice of the holomorphic form are fixed by the condition Ω^2_j = 0 to be τ_j = (−p_j .q_j + i � det Q_j)/q^2_j . Each of the attractive K3 surfaces is now described up to SL(2, Z) equivalence class by a matrix [28]

Q_j = � � p^2_j p_j.q_j

p_j.q_j q^2_j

� � (3.26)

(no summation over j). In the definition of the attractive K3 surface in [5] it was pointed out that^A_{4π} = |Z|^2_{fix} = √ Det Q is an area of the unit cell in the transcendental lattice T_S of the K3 surface. As we will see now, our example helps to reveal another interesting relation between black holes and flux vacua: a relation between the black hole entropy and the transcendental lattice T_S on the attractive K3.

Indeed, the area of the horizon of the supersymmetric black holes in^{SU(1,1)}_{U(1)} ×^{SO(2,n)}_{SO(2)×SO(n)} symmetric manifold was established in [29]: A 4π = |Z|^2_{fix} = � Det Q = � p^2q^2 − (p · q)^2

�_{1/2} . (3.27)

This result was found by solving explicitly the supersymmetric black hole attractor equations in this theory and stabilizing all moduli of the^{SU(1,1)}_{U(1)} ×^{SO(2,n)}_{SO(2)×SO(n)} coset space in terms of the black hole charges. Now one finds the same value of |Z|^2_{fix} in the context of flux vacua for each K3. We leave the detailed study of this issue for the future publication.

Note that eq. (3.19), which in detailed form is given in eq. (3.14), was derived either using the tools of special geometry or using the tools of algebraic geometry such as Hodgedecomposition of the space of allowed 4-form fluxes. It is valid for generic CY_3. As we have shown in particular example of K3×T^2/Z_2 and its M-theory version, the coefficient of proportionality between fluxes and period matrix is linear in the critical value of the superpotential (central charge).

– 13 –

4. New attractors: general type IIB flux vacua, M_{AB} ≠ 0 case

Here again we study IIB string theory and we take X_4 to be an elliptically fibered CY 4-fold^{T 2×Y}_{Z2} . F_4 = −α ∧ F_3 + β ∧ H_3 is a real flux 4-form representing a doublet of RR and NS forms of type IIB string theory. Ω̂_4 is a covariantly holomorphic 4-form on X

D_ā Ω̂_4 = � ∂_ā − 1 2 K_{,ā} � Ω̂_4 = 0 , a = (0, i) , (4.1) � X Ω̂_4 ∧ ^̄Ω_4 = 1 . (4.2)

Ω̂_4(t, t̄) is related to the holomorphic 4-form Ω_{(4.0)}(t), Ω̂_4 = e^K_2 Ω_{(4.0)}(t) and � X Ω_{(4.0)}(t^a) ∧ Ω̄_{(0,4)}(t̄^ā ) = e^{−K} . (4.3)

In our particular case when X =^{T 2×Y}_{Z2} , Ω̂_4 = Ω̂_1∧Ω̂_3 where Ω̂_1 is a covariantly holomorphic 1-form on T^2

Ω̂_1 = e^{K1}_2 (β − τα) , K_1 = − ln i(τ̄ − τ) , τ = t^0 . (4.4)

and Ω_3 = e^{K3(t}

i,t̄i)

2 Ω_{(3,0)}(t^i) is a covariantly holomorphic 3-form on a generic CY orientifold with the corresponding holomorphic form Ω_{(3,0)}(t^i) and i = 1, . . . , n. In [16, eq. (2.20)] proposes the following decomposition of the real 4-form flux into various possible (m,n) forms on a 4-fold X.

F_4 = Z̄Ω̂ − D̄^AZ̄ D_AΩ̂ + D̄^{0I}Z̄ D_{0I}Ω̂ + c.c. (4.5)

The capital index A, Ā is the index associated with the orthonormal frame e^a_A such that δ_A¯_B = e^a_Ag_a¯_be^{b̄}_{B̄} and A = (0, I).

We will be interested in supersymmetric vacua here, which are also critical points of the N = 1 F-term potential. Keeping the second term in eq. (4.5) may help us to understand the attractor behaviour of non-supersymmetric black holes, studied in [7, 8]. However, here we will focus on supersymmetric vacua (1.5): Minkowski with Z = 0 and AdS with Z ≠ 0.

We rewrite eq. (4.5) in a form in which it is obviously an attractor equation, defining a combination of moduli via some integer charges. First we find that

F_4 = � M̄_{3/2}Ω̂_1 ∧ Ω̂_3 − M̄^{0I} ^̄Ω_1 ∧ χ_I � + c.c. (4.6)

Here χ_I ≡ D_IΩ̂_3 = e^i_I (∂_i + 1 2 K_{,i}) Ω̂_3 (4.7) and M^{0I} = D^0D^I Z[t, t̄; p, q] ≡ Z^{0I} . (4.8)

– 14 –

We have also used the fact that D_0Ω̂_1 = ^̄Ω_1. Now we may rewrite these equations in a form in which it is easy to recognize them as generalized attractor equations. � � � � � � � p^a_h

q_{ha}

p^a_f

q_{fa}

� � � � � � � =

� � � � � � �

Z̄La + ZL̄a

Z̄M_a + ZM̄_a

τZ̄L^a +τ̄ZL^a

τZ̄M_a +τ̄Z M̄_a

� � � � � � � DZ=0

+

� � � � � � �

Z̄0I D_I La + Z0ID̄_IL̄a

Z̄0I D_I M_a + Z0ID̄_IM̄_a

τ̄ Z̄^{0I} D_I L^a + τZ^{0I}D̄_I L^a

τ̄ Z̄^{0I} D_I M_a + τZ^{0I}D̄_IM̄_a

� � � � � � � DZ=0

(4.9)

Here p_f , q_f are magnetic and electric charges associated with the RR 3-form flux F_3 and p_h, q_h are magnetic and electric charges associated with the NS 3-form flux. The special geometry of the CY_3 manifold is codified in the covariantly-holomorphic section (L^a, M_a).

All supersymmetric flux vacua for CY_3 orientifold with vanishing or non-vanishing W are expected to satisfy the attractor equations (4.9). We may rewrite them in a slightly shorter form using f = (p^a_f , q_{af} ) and h = (p^a_h, q_{ah}) and Π = (L^a, M_a) � � h f

� � = � � 2 Re (Z̄ Π)

2 Re(Z̄ τΠ)

� � DZ=0 + � � 2 Re(Z̄^{0I} D_I Π)

2 Re(Z̄^{0I}τ̄ D_I Π)

� � DZ=0

(4.10)

Even if the first term in the right hand side of eq. (4.9), (4.10) vanishes, i. e. if Z_{fix} = 0, the second term gives a solution of the attractor equations and allows to find a critical value of the axion-dilaton and complex structure moduli as functions of all fluxes p, q.

It may be useful to explain why in the black hole case the second term in the right hand side of the attractor eqs. (4.9), (4.10) is absent. Special geometry rules related to CY_3 manifold require that

M_{IJ} = D_I D_J Z = iC_{IJK}D̄^KZ̄ . (4.11)

At the supersymmetric critical point DZ = 0, M_{IJ} = 0. Meanwhile, in flux vacua in type IIB string theory the complex structure modulino mass matrix is not vanishing at the supersymmetric critical point as it is proportional to the dilatino-modulino mixing [16],

D_I D_J Z = C_{0IJK}D̄^0D̄^IZ̄ = C_{IJK}M̄^{0K} . (4.12)

The point is that in the case of N = 1 flux vacua in type IIB string theory the corresponding geometry is only partially related to special geometry of CY_3. As a result, the second derivative of the central charge has a contribution from the dilatino-modulino mixing which does not vanish at the critical point, in general. D_{0I} Z cannot be expressed via the first derivative of the central charge since we have the product geometry of the torus with CY and the chiral fermion mass term does not have to vanish at the supersymmetric vacua. Its presence provides the new term in the attractor equation as shown in eq. (4.9).

One can summarise this in the following way. Equation (4.9), (4.10) is a general flux attractor equation for type IIB string theory on CY_3 orientifold. One can study its general solutions taking into account both terms in its right hand side. On the other hand, one

– 15 – may try first to find particular solutions for which the dilatino-modulino mixing vanishes at the critical point. In this case the second term in equation (4.10) disappears, and it acquires the form given in [30]: � � h f

� � = � � 2 Re (Z̄ Π)

2 Re(Z̄ τΠ)

� � DZ=0

(4.13)

In this case one has a full analogy between flux vacua and black hole attractors, as discussed in [30], apart from the replacement of “Im” in black hole case by “Re” in flux vacua case. In particular, the square of the gravitino mass plays the role in the theory of flux attractors analogous to the entropy in the theory of the black hole attractors.

However, this class of solutions does not describe possible solutions for which the superpotential and the gravitino mass M_{3/2} = Z vanish at the critical point. To find such solutions one can leave only the second term in equations (4.9), (4.10): � � h f

� � = � � 2 Re(Z̄^{0I} D_I Π)

2 Re(Z̄^{0I}τ̄ D_I Π)

� � DZ=0

. (4.14)

In a general case, one should use eq. (4.10) with both terms on the right hand side present.

In the black hole case the number of differential equations D_aZ = 0 is equal to 2n + 2, where n is the number of special coordinates in special geometry. The number of black hole attractor equations (2.14) is also equal to 2n + 2. The counting of new attractor equations for a set of flux vacua goes as follows: The original complex equation specifying the vacua is D_AZ = 0, which consists of a set of 2n + 2 independent equations but the number of equations in the attractor form in (4.9) is 2(2n+2). This leaves us with a puzzle which may be resolved as follows. An explicit calculation of all intersection numbers in elliptically fibered CY 4-fold^{T 2×Y}_{Z2} has been performed in [16]. The model has some number of relations between the derivatives of various order acting on the covariantly holomorphic central charge, see [16, eqs. (2.21)–(2.27)]. With account of these relations, equation for the real integer set of fluxes in G_4 has in the right hand side all possible independent forms available in this model. Therefore we have in our model for IIB compactification on CY_3 orientifold only one new term in the right hand side of the equation for G_4 in addition to the first term, which is a familiar black hole attractor type term.

In other models of M/string theory where the simplifying relations are partially or totally absent we may still have an attractor type equation relating the values of the integer fluxes to some combination of moduli and fluxes. For example, in M-theory we may have an attractor relation of the kind

F_4 = Z̄Ω_4 + ZΩ̄_4 + · · · . (4.15)

Here Ω_4 is a covariantly holomorphic 4-form on a 4-fold X such that � X Ω_4 ∧ Ω̄_4 = 1. (We omit ^ over Ω in these examples). All terms with dots in eq. (4.15) are orthogonal to Ω_4 and to Ω̄_4 and the central charge is given by Z = � X G_4 ∧ Ω_4 = � X Z Ω̄_4 ∧ Ω_4 = Z . (4.16)

– 16 –

In particular, for X = K3 × K3 we may have the following 2 possibilities. One can take

F_4 = Z̄Ω^1_2 ∧ Ω^2 + ZΩ̄^1_2 ∧ Ω̄^2 , (4.17)

as suggested in [30]. Here Ω^1_2 and Ω^2 are the covariantly holomorphic 2-forms on each of K3. This looks similar to a black hole attractor equation corresponding to AdS vacua with V_{cr} = −3|Z_{cr}|^2. Another possibility, suggested in [32] for type IIB theory compactified on K3×^{T 2}_{Z2} , is to take the case with Z_{cr} = 0. In condensed notation with covariantly holomorphic forms on K3, on torus and on auxiliary torus we find

F_4 = c Ω̄_2(K3) ∧ Ω_1(τ,τ̄) ∧ Ω_1(ϕ, ϕ̄) + c.c. (4.18)

Using our attractor equations we may identify the constant c as an element of the mass matrix of the axino-dilatino ϕ and the complex structure of the torus, τ:

c = M_{τ ϕ} . (4.19)

Here we can see the appearance of the new term in the attractor equation with vanishing critical value of the central charge, e^K2 W = M_{3/2} = 0 which allows Minkowski vacuum with fixed moduli.

Also in the case considered in [28] the flux stabilizing all complex structure on K3 is a primitive (2,2) form so that the superpotential and the central charge vanish in the vacuum, only the second term in the attractor equation is valid and we find that in

F_4 = 2 Re(c Ω̄^1 ∧ Ω^2) (4.20)

the constant c is again a mass of chiral fermions in the vacuum.

4.1 Non-supersymmetric new flux vacua attractors

The non-supersymmetric flux vacua attractors can be defined in complete analogy with all reasoning in the previous sections of the paper. Thus we expect that the extremal value of N = 1 supergravity potential V = |DZ|^2 − 3|Z|^2 is possible at DW ≠ 0. At the vacuum all moduli stop their running behavior. We find the attractor equation from the Hodge decomposition (4.5)

F_4 = 2 Re � Z̄Ω̂_4 − D̄^AZ̄D̂_AΩ_4 + D̄^{0I}Z̄ D_{0I}Ω̂_4 � DV =0

. (4.21)

The values of moduli at the vacua have to be such that the rhs of attractor equations is defined by the integer fluxes on the lhs.

One can expand eq. (4.21) in a way it was done for supersymmetric attractors and we find that

F_4 = 2 Re � Z̄ Ω̂_1 ∧ Ω̂_3 − D̄^0Z̄ ^̄Ω_1 ∧ Ω̂_3 − D̄^IZ̄ Ω̂_1 ∧ χ̂_I − D̄^{0I}Z̄ ^̄Ω_1 ∧ χ_I � DV =0

. (4.22)

This equation can be made explicit using the equation DV = 0 in the form 2D_iZ Z̄ = D_iD_j Z G^{jj̄} D̄¯_jZ̄.

– 17 –

5. Summary

In this paper we derived new attractor equations defining supersymmetric flux vacua in IIB string theory. We have also presented some well known equations for black hole attractors in the form in which they are easy to compare with the new attractors for flux vacua. Finally, we proposed a new set of attractor equation for non-supersymmetric black holes and flux vacua.

For supersymmetric black hole attractors the condensed form of attractor equations [1]- [4] is given by h = 2 Im (Z Π̄)_{DZ=0} , (5.1)

where the covariantly symplectic section Π is defined in eq. (2.1). Using electric and magnetic charges h = (p^Λ_h , q_{hΛ} ) we get � p^Λ_h q_{hΛ} � = 2Im � Z L̄^Λ Z M̄_Λ � DZ=0

, Z = L^Λ q_{hΛ} − p^Λ_h M_Λ . (5.2)

Attractor equations define the minimum of the BPS black hole mass M^2_{BH} = |Z|^2(t, t̄, p, q). At the attractor point (5.2) where t = t(p, q), t̄ = t̄(p, q) one finds that |Z|^2_{DZ=0} = πS(p, q) where S is the entropy of the extremal BPS black hole S =^A_4 and A is the area of the black hole horizon.

We found the following simple equation for non-supersymmetric black hole attractors:

h = 2Im � Z Π̄ − D^I Z D̄_IΠ̄ � ∂V_{BH} =0 , (5.3)

where M^2_{BH} = V_{BH} = |DZ|^2 + |Z|^2 > |Z|^2. The area of the horizon is proportional to the minimal value of this potential^A_{4π} = V_{BH} at ∂V_{BH} = 0 [7, 8]. It would be interesting to check if the examples of non-supersymmetric black hole attractors recently studied in [8] satisfy equation (5.3). Some examples of non-supersymmetric black hole attractor equations have been already checked in [33] and confirm these equations.

We derived here the new attractor equations describing the supersymmetric flux vacua in IIB string theory. They are given in the most condensed form by equation

F_4 = 2 Re � Z̄ Ω̂_4 + D̄^{0I}Z̄ D_{0I}Ω̂_4 � DZ=0

, (5.4)

with notations explained near Eq. (4.5). In the next level of condensed notation, they are defined for the doublet of fluxes in type IIB theory, H_3 and F_3 SL(2, Z), τ being the axion-dilaton: � � h f

� � = � � 2 Re (Z Π̄)

2 Re(Z τ̄ Π̄)

� � DZ=0 + � � 2 Re(Z̄^{0I} D_I Π)

2 Re(Z̄^{0I} τ̄ D_I Π)

� � DZ=0

. (5.5)

Here |Z|^2 = |M_{3/2}|^2 is the square of the gravitino mass at the flux vacua and D_{0I} Z = M_{0I} is the mass matrix of the axino-dilatino mixing with complex structure modulino in the vacua. Attractor equations (5.4) and (5.5) define the supersymmetric extremum of the

– 18 – potential of N = 1 supergravity, V = e^K (|DW |^2 − 3|W |^2) = |DZ|^2 − |Z|^2. These equations have been recently confirmed in [33] for a large class of supersymmetric flux vacua in type IIB string theory.

We also found the attractor equation defining the non-supersymmetric flux vacua in type IIB string theory. The most condensed form of this equation is

F_4 = 2 Re � M̄_{3/2}Ω̂_4 − F̄^AD̂_AΩ_4 + M̄^{0I}Z̄ D_{0I}Ω̂_4 � DV =0

, (5.6)

where F_A = D_AZ. A more detailed form of this equation is given in (4.22), it adds two new terms to equation (5.5) proportional to the auxiliary F-terms in the axion-dilaton multiplet F_0 and complex structure moduli F_I . Here again, it would be interesting to find if the non-supersymmetric flux vacua minimizing V = e^K (|DW |^2 − 3|W |^2) satisfy the attractor equation (5.6), e.g. in examples of [34].

It is instructive to compare the supersymmetric black hole attractor equation (5.1) with supersymmetric flux vacua new attractors (5.5). The first term in (5.5) reminds (5.1), however Im is replaced by Re, the reason being that in the black hole case we have a holomorphic 3-form on CY 3-fold, in the flux vacua case we have an effective holomorphic 4-form since the manifold has a CY 3-fold as well as an auxiliary torus which together make a 4-fold.

Even more significant difference is in the presence of the second term in eq. (5.5) which is totally absent in the black hole case. It allows stabilization of moduli even if |Z|_{DZ=0} = 0. For regular supersymmetric black holes in classical N = 2 supergravity, the square of the central charge |Z|^2 at the attractor point is proportional to the black hole entropy/area of the horizon, which at the attractor point depends only on charges and does not depend on continuous moduli. Typically the entropy is given by a product of charges. If one of the charges in this product vanishes, the area of the horizon vanishes, the metric has a null singularity, and some of the moduli may blow up. It was therefore important in the studies of supersymmetric black holes near the horizon to find cases with central charge which does not vanish at the attractor point.^4 The function which was minimized was |Z(t, t̄, p, q)|^2 with t, t̄ taking arbitrary values in the moduli space corresponding to the values of these moduli at the asymptotic infinity. At the minimum, this function was proportional to the area of the horizon,^{A(p,q)}_{4π} = |Z(z(p, q),z̄(p, q), p, q)|^2.

In flux vacua we are looking for the critical points of the potential V = |DZ|^2 − 3|Z|^2. In this case, unlike in the case of extreme black holes, one may have solutions with all moduli stabilized (axion-dilaton and complex structure) in flux vacua with DZ = 0, Z = 0 and V_{fix} = 0. (The cases of flux vacua with DZ = 0, Z = 0 and V_{fix} = 0 have solutions with all moduli stabilized (axion-dilaton and complex structure), as different from the situation with extremal black holes.) As we have shown in this paper, such supersymmetric vacua can be described by the generalized attractor equations. At the critical point DZ = 0, the potential is equal to V = −3m^2_{3/2} = −3|Z|^2, where |Z| may or may not be equal to zero.

4Extremal black holes with Z = 0 require some special treatment, see e.g. [6, 31], where the higher order corrections to the area and the entropy discovered in [13] play a crucial role.

– 19 –

Finally, it is amazing that simple non-supersymmetric attractor equations, (5.3) and (5.6), defining the black hole and flux vacua are also available. Despite the first discussion of non-supersymmetric black hole attractors was presented in [7], not much attention was given to this case. Due to the recent intensive work on non-supersymmetric attractors in [8, 9] it become clear that, as always in dynamical systems, a simple universal description of the critical points may exist. This led us to the derivation of eqs. (5.3) and (5.6). We hope that more investigations will be performed in this direction, as it was done with supersymmetric attractors in the past.

Acknowledgments

I am grateful to P. Aspinwall, A. Ceresole, G. Dall’Agata, R. D’Auria, F. Denef, M. Douglas, S. Ferrara, B. Florea, S. Kachru, A. Linde, A. Maloney, G. Moore, M. Sasaki, M. Trigiante, S. Trivedi, P. Yi and D. Waldram for valuable discussions of flux vacua and attractors. I am particularly grateful to A. Giryavets for his work on examples of new attractors. I am grateful for the hospitality to the organizers of the conference “The Next Chapter in Einstein’s Legacy” at the Yukawa Institute, Kyoto, and to the organizers and participants of the KIAS-YITP Joint workshop in Seoul “Cosmological Landscape: Strings, Gravity, and Inflation” where this work was initiated. It was supported by NSF grant 0244728 and by Kyoto University.

References

[1] S. Ferrara, R. Kallosh and A. Strominger, N = 2 extremal black holes, Phys. Rev. D 52 (1995) 5412 [hep-th/9508072].

[2] A. Strominger, Macroscopic entropy of N = 2 extremal black holes, Phys. Lett. B 383 (1996) 39 [hep-th/9602111].

[3] S. Ferrara and R. Kallosh, Supersymmetry and attractors, Phys. Rev. D 54 (1996) 1514 [hep-th/9602136].

[4] S. Ferrara and R. Kallosh, Universality of supersymmetric attractors, Phys. Rev. D 54 (1996) 1525 [hep-th/9603090].

[5] G.W. Moore, Les Houches lectures on strings and arithmetic, hep-th/0401049; Arithmetic and attractors, hep-th/9807087.

[6] F. Denef, B.R. Greene and M. Raugas, Split attractor flows and the spectrum of BPS D-branes on the quintic, JHEP 05 (2001) 012 [hep-th/0101135].

[7] S. Ferrara, G.W. Gibbons and R. Kallosh, Black holes and critical points in moduli space, Nucl. Phys. B 500 (1997) 75 [hep-th/9702103].

[8] K. Goldstein, N. Iizuka, R.P. Jena and S.P. Trivedi, Non-supersymmetric attractors,

hep-th/0507096;

A. Sen, Black hole entropy function and the attractor mechanism in higher derivative gravity, JHEP 09 (2005) 038 [hep-th/0506177].

[9] P.K. Tripathy and S.P. Trivedi, Non-supersymmetric attractors in string theory,

hep-th/0511117.

– 20 –

[10] R. Kallosh, Superpotential from black holes, Phys. Rev. D 54 (1996) 4709 [hep-th/9606093].

[11] G. Curio, A. Klemm, D. Lüst and S. Theisen, On the vacuum structure of type-II string compactifications on Calabi-Yau spaces with H-fluxes, Nucl. Phys. B 609 (2001) 3 [hep-th/0012213];

K. Behrndt, G. Lopes Cardoso and D. Lüst, Curved BPS domain wall solutions in four-dimensional N = 2 supergravity, Nucl. Phys. B 607 (2001) 391 [hep-th/0102128].

[12] H. Ooguri, A. Strominger and C. Vafa, Black hole attractors and the topological string, Phys. Rev. D 70 (2004) 106007 [hep-th/0405146].

[13] G. Lopes Cardoso, B. de Wit and T. Mohaupt, Corrections to macroscopic supersymmetric black-hole entropy, Phys. Lett. B 451 (1999) 309 [hep-th/9812082].

[14] S.B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string compactifications, Phys. Rev. D 66 (2002) 106006 [hep-th/0105097].

[15] S. Kachru, R. Kallosh, A. Linde and S.P. Trivedi, De Sitter vacua in string theory, Phys.

Rev. D 68 (2003) 046005 [hep-th/0301240].

[16] F. Denef and M.R. Douglas, Distributions of flux vacua, JHEP 05 (2004) 072 [hep-th/0404116].

[17] B. de Wit and A. Van Proeyen, Potentials and symmetries of general gauged N = 2 supergravity-Yang-Mills models, Nucl. Phys. B 245 (1984) 89;

A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, Duality transformations in supersymmetric Yang-Mills theories coupled to supergravity, Nucl. Phys. B 444 (1995) 92 [hep-th/9502072];

L. Andrianopoli et al., General matter coupled N = 2 supergravity, Nucl. Phys. B 476 (1996) 397 [hep-th/9603004]; N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111 [hep-th/9605032].

[18] A. Ceresole, R. D’Auria and S. Ferrara, The symplectic structure of N = 2 supergravity and its central extension, Nucl. Phys. 46 (Proc. Suppl.) (1996) 67 [hep-th/9509160].

[19] A. Giryavets, S. Kachru, P.K. Tripathy and S.P. Trivedi, Flux compactifications on Calabi-Yau threefolds, JHEP 04 (2004) 003 [hep-th/0312104].

[20] R. Kallosh and A. Linde, M-theory, cosmological constant and anthropic principle, Phys.

Rev. D 67 (2003) 023510 [hep-th/0208157].

[21] R. Kallosh, A.D. Linde and M. Shmakova, Supersymmetric multiple basin attractors, JHEP 11 (1999) 010 [hep-th/9910021].

[22] A. Ceresole, G. Dall’Agata, R. Kallosh and A. Van Proeyen, Hypermultiplets, domain walls and supersymmetric attractors, Phys. Rev. D 64 (2001) 104006 [hep-th/0104056]; K. Behrndt, S. Gukov and M. Shmakova, Domain walls, black holes and supersymmetric quantum mechanics, Nucl. Phys. B 601 (2001) 49 [hep-th/0101119].

[23] S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four-folds, Nucl. Phys. B 584 (2000) 69 [hep-th/9906070].

[24] J. Louis and A. Micu, Type II theories compactified on Calabi-Yau threefolds in the presence of background fluxes, Nucl. Phys. B 635 (2002) 395 [hep-th/0202168];

– 21 –

G. Dall’Agata, R. D’Auria, L. Sommovigo and S. Vaula, D = 4, N = 2 gauged supergravity in the presence of tensor multiplets, Nucl. Phys. B 682 (2004) 243 [hep-th/0312210]; L. Sommovigo and S. Vaula, D = 4, N = 2 supergravity with abelian electric and magnetic charge, Phys. Lett. B 602 (2004) 130 [hep-th/0407205];

R. D’Auria, L. Sommovigo and S. Vaula, N = 2 supergravity lagrangian coupled to tensor multiplets with electric and magnetic fluxes, JHEP 11 (2004) 028 [hep-th/0409097]; R. D’Auria, S. Ferrara, M. Trigiante and S. Vaula, N = 1 reductions of N = 2 supergravity in the presence of tensor multiplets, JHEP 03 (2005) 052 [hep-th/0502219]; L. Sommovigo, Poincaré dual of D = 4 N = 2 supergravity with tensor multiplets, Nucl. Phys. B 716 (2005) 248 [hep-th/0501048];

B. de Wit, H. Samtleben and M. Trigiante, Magnetic charges in local field theory, JHEP 09 (2005) 016 [hep-th/0507289].

[25] M. Grana, Flux compactifications in string theory: a comprehensive review,

hep-th/0509003.

[26] R. Kallosh and T. Ortin, Charge quantization of axion — dilaton black holes, Phys. Rev. D 48 (1993) 742 [hep-th/9302109].

[27] K. Dasgupta, G. Rajesh and S. Sethi, M-theory, orientifolds and G-flux, JHEP 08 (1999) 023 [hep-th/9908088].

[28] P.S. Aspinwall and R. Kallosh, Fixing all moduli for M-theory on K3 × K3, JHEP 10 (2005) 001 [hep-th/0506014].

[29] R. Kallosh, M. Shmakova and W.K. Wong, Freezing of moduli by N = 2 dyons, Phys. Rev.

D 54 (1996) 6284 [hep-th/9607077].

[30] R. Kallosh, Flux vacua as supersymmetric attractors, hep-th/0509112.

[31] A. Dabholkar, R. Kallosh and A. Maloney, A stringy cloak for a classical singularity, JHEP 12 (2004) 059 [hep-th/0410076].

[32] P.K. Tripathy and S.P. Trivedi, Compactification with flux on K3 and tori, JHEP 03 (2003) 028 [hep-th/0301139].

[33] A.A. Giryavets, work in progress.

[34] A. Saltman and E. Silverstein, The scaling of the no-scale potential and de Sitter model building, JHEP 11 (2004) 066 [hep-th/0402135].

– 22 –